Abstract: In order to realize fast and accurate estimation of intercore crosstalk in bent multicore fibers (MCFs), an analytical expression of the average power-coupling coefficient (PCC) based on an exponential autocorrelation function is, for the first time, derived, resulting in no need for heavy numerical computations. It is revealed that, when the bending radius is large and the correlation length is large, the average PCC is inversely proportional to the correlation length and to the square of the propagation constant difference Á mn between core m and core n, and when the bending radius is small and the correlation length is large, the average PCC is proportional to the bending radius and is independent of the correlation length. When the correlation length is small, on the other hand, the average PCC is proportional to the correlation length and is independent of the bending radius. For homogeneous MCFs ðÁ mn ¼ 0Þ with small bending radius, the average PCC coincides with the mean crosstalk increase per unit length derived from the coupled-mode theory of Hayashi et al. that is proportional to the bending radius. Average crosstalk values calculated by using the analytical expression derived here are in excellent agreement with those of numerical solutions of coupled-power equations, irrespective of the values of bending radius and correlation length.
Introduction
Multicore fibers (MCFs) are now intensively studied for space-division multiplexing [1] , [2] . The most important issue peculiar to MCFs is to reduce the intercore crosstalk. Recently, a coupled-mode theory (CMT) [3] - [10] and a coupled-power theory (CPT) [5] , [11] - [14] have been introduced to estimate the intercore crosstalk in MCFs. When applying CMT to MCFs with bend-induced perturbations, in order to obtain sufficiently accurate average values of crosstalk, a large number of samples must be simulated. In CPT, on the other hand, average crosstalk values can be obtained by only one simulation. For bent MCFs, however, it is necessary to solve numerically coupledpower equations (CPEs) that are a set of a finite number of first-order differential equations with longitudinally varying power-coupling coefficients (PCC).
In this paper, in order to realize fast and accurate estimation of intercore crosstalk in bent MCFs, an analytical expression of the average PCC based on an exponential autocorrelation function is derived, resulting in no need for heavy numerical computations. It is revealed that, when the bending radius is large and the correlation length is large, the average PCC is inversely proportional to the correlation length and to the square of the propagation constant difference Á mn between core m and core n, and when the bending radius is small and the correlation length is large, the average PCC is proportional to the bending radius and is independent of the correlation length. When the correlation length is small, on the other hand, the average PCC is proportional to the correlation length and is independent of the bending radius. For homogeneous MCFs ðÁ mn ¼ 0Þ with small bending radius, the average PCC coincides with the mean crosstalk increase per unit length derived from CMT of Hayashi et al. [4] that is proportional to the bending radius. Average crosstalk values calculated by using the analytical expression derived here are in excellent agreement with those of numerical solutions of CPEs, irrespective of the values of bending radius and correlation length.
Derivation of Local PCCs
Considering an MCF that is bent at a constant radius R b and is twisted continuously at a constant rate , as shown in Fig. 1 , the orientation at z ¼ z is given by ¼ z, and the propagation constant of LP 01 mode in arbitrarily located core m, m , is perturbed as [3] 
where x m and y m are the x and y coordinates of the center of core m at z ¼ 0 (initial state), respectively. The local propagation constant difference between core m and core n at z ¼ z, Á 0 mn , is expressed as
with
According to the earlier CPT [5] , the average power in core m at a point z, P m ðzÞ, sufficiently close to z ¼ 0 is related to the average power in core n at a point z ¼ 0, P n ð0Þ, and is given by (see [5, (5) 
where f is the random part of phase function describing bending and twisting effects (see [5, (2) ]), K mn is the redefined mode-coupling coefficient that is symmetrical, K mn ¼ K nm (see [5, (10) ]), and the asterisk and the symbol h i indicate complex conjugation and an ensemble average, respectively. Changing the variable, ¼ À , and noting that f is a stationary random process and, therefore, it has an autocorrelation function, RðÞ, we obtain
Considering the variance of f is one, Rð0Þ ¼ 1, we have introduced three types of autocorrelation functions [5] that are even functions of , as shown in Fig. 2 , where d is the correlation length of f and the two integrals in (7) are performed over the shaded region. Since the two quantities, and , are not independent, it is difficult to evaluate rigorously the second integral in (7) . If the correlation length is much smaller than the increment z of fiber length, the bounds of the second integral in (7) can be neglected and therefore, the upper and lower integration limits, z À and À, are replaced by þ1 and À1, respectively. In the region near the point ¼ 0 (or ¼ z), we can change only the upper (or the lower) integration limit from z (or Àz) to þ1 (or À1), and the lower (or the upper) integration limit is nearly equal to 0. As shown in Fig. 2 , however, when d ( z, both the bounds of the second integral in (7) can be approximately neglected, and therefore, (7) might be rewritten as 
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In [5] , neglecting either bound of the second integral in (7), the following relation was derived:
Since (8b) is thought to be valid only for the region in the immediate vicinity of ¼ 0 or ¼ z, using (8a), we obtain the following longitudinally varying local PCC with the power spectrum density SðÁ 0 mn Þ that is the Fourier transform of the autocorrelation function:
Replacing Á 0 mn by Á mn , (9) coincides with (13) in [3] .
Average PCCs
In the nonphase-matching region [3] - [5] with bending radii larger than a critical bending radius R pk around which the crosstalk peaks [4] , the crosstalk behaviors are not well simulated with a Gaussian autocorrelation function [5] . Also, the PCC based on a triangular autocorrelation function becomes zero at specific values of Á 0 mn d (Á 0 mn d =2 ¼ l with l being an integer excluding zero). This behavior cannot be physically acceptable. Therefore, we adopt the PCC based on an exponential autocorrelation function as
This is a Lorenzian function that is the Fourier transform of an exponential function. In order to avoid numerical solutions of CPEs, the PCC is averaged over a twist pitch as
Substituting (10) into (11), the average PCC h mn can be analytically evaluated as (see the Appendix)
Using the average PCC that is independent of the twist rate , the crosstalk XT between two cores with length L is easily estimated as
If the crosstalk is very small, it can be approximated as XT ffi h mn L.
From (12)- (15), it can be found that the critical bending radius R pk is given by
and the corresponding average PCC is expressed as
When the correlation length is large ðd ) 1=j2Á mn jÞ and small ðd ( 1=j2Á mn jÞ, (18) is reduced to
respectively. When the bending radius is large ðR b ) R pk Þ, the average PCC given by (12) is reduced to
Furthermore, the correlation length is large ðd ) 1=jÁ mn jÞ, the average PCC given by (21) is reduced to
In this case, the average PCC is inversely proportional to the correlation length and to the square of the propagation constant difference Á mn , suggesting that the crosstalk could be suppressed in heterogeneous MCFs with nonidentical cores [15] , [16] .
When the bending radius is small ðR b ( R pk Þ, the average PCC given by (12) is reduced to
Furthermore, the correlation length is large ðd ) R b =B mn Þ, the average PCC given by (23) is reduced to
In this case, the average PCC is proportional to the bending radius and is independent of the correlation length.
When the correlation length is small ðd ( 1=jÁ mn j; d ( R b =B mn Þ, on the other hand, the average PCC given by (12) is reduced to (20). In this case, the average PCC is proportional to the correlation length and is independent of the bending radius.
For homogeneous MCFs ðÁ mn ¼ m À n ¼ 0Þ with small bending radii ðR b ( B mn d Þ, (12) is rewritten as
where Ã mn ¼ Ã nm is the core distance. Equation (25) coincides with the mean crosstalk increase per unit length derived from CMT of Hayashi et al. (see [4, (19) ]) that is proportional to the bending radius.
If it is difficult to obtain the analytical expression of average PCC, one may just integrate (11) numerically.
Performance of the Analytical Expression of Average PCC
First, we consider a quasi-homogeneous seven-core fiber with nearly identical cores (small Á mn ), as shown in Fig. 3(a) [12] . The fiber length is 100 m, and the core pitch is about 39.2 m. The diameter of center core (core 1) is 8.05 m, and the diameters of outer cores are assumed to be 7.63 m (core 2), 7.83 m (core 3), 7.69 m (core 4), 7.93 m (core 5), 7.70 m (core 6), and 7.94 m (core 7) used for simulation in [5] . The outer cores whose diameters are categorized into two groups (cores 2, 4, and 6, and cores 3, 5, and 7) are arranged alternately in a circumference direction, as shown in Fig. 3(b) [12] . The relative refractive-index differences of all cores are assumed to be 0.4%. The modefield diameters range from 9.57 to 9.77 m at a wavelength of 1550 nm. The correlation lengths are taken as 10, 50, 100, and 500 mm. Fig. 4 shows the bending-diameter dependence of crosstalk from center core 1 to outer cores 2 to 7 calculated with the analytical expression, (12) . The results obtained by the analytical expression are coincident with those of numerical solutions of CPEs. We cannot discriminate between the analytical and numerical solutions. The correlation length for which we have no reliable information can be predicted by comparing the results of the CPT with the measurement results. The average crosstalk values with the correlation length of 50 mm agree well with measurement results [12] denoted by closed circles. In the phase-matching region ðR b G R pk Þ, the crosstalk is proportional to the bending diameter and is independent of the correlation length, as suggested by (24). In the nonphase-matching region ðR b 9 R pk Þ, on the other hand, the crosstalk decreases with increasing the correlation length, as suggested by (22).
Next, we consider a heterogeneous seven-core fiber [4] , where the fiber length is 2 m, the core pitch is 30 m, the diameter of center core is 8.1 m, the diameters of outer cores are 9.4 m, and the relative refractive-index differences of all cores are 0.38%. Fig. 5 shows the bending-radius dependence of crosstalk from center core to outer core calculated with the analytical expression, (12) . From Fig. 5(a) , where the correlation lengths are taken as 10, 50, 100, and 500 mm, we can see again that the average crosstalk values with the correlation length of 50 mm agree well with the experimental results [4] denoted by closed circles with error bars. From Fig. 5(b) , where the correlation lengths are taken as 0.01, 0.05, 0.5, and 5 mm, we can see that the peak crosstalk value decreases with decreasing the correlation length and that, for sufficiently small correlation length such as 0.01 mm, the average crosstalk values are almost independent of bending radius, as suggested by (20).
Conclusion
In order to realize fast and accurate estimation of intercore crosstalk in bent MCFs, an analytical expression of the average PCC based on an exponential autocorrelation function has been derived, Fig. 3. (a) Cross-sectional view and (b) measured core-diameter difference of outer cores of quasihomogeneous seven-core fiber [12] . resulting in no need for heavy numerical computations. It has been revealed that, when the bending radius is large and the correlation length is large, the average PCC is inversely proportional to the correlation length and to the square of the propagation constant difference between two cores, and when the bending radius is small and the correlation length is large, the average PCC is proportional to the bending radius and is independent of the correlation length. When the correlation length is small, on the other hand, the average PCC is proportional to the correlation length and is independent of the bending radius. Average crosstalk values calculated by using the analytical expression derived here are in excellent agreement with those of numerical solutions of CPEs, irrespective of the values of bending radius and correlation length, and also agree well with measurement results [4] , [12] . The theoretical model constructed here can be applicable to any MCFs. The related results will be reported in future. 
Equation (A2) can be rewritten as
where a, b, and c are given by (13)- (15), respectively. Noting the relations with
, and h ¼ 2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi b 2 À ac p , and using the integral formula
with p and q being constants, (A7) and (A8) are calculated as
Applying (A10) and (A11) to (A6), we can obtain the average PCC given by (12) . When b 2 À ac G 0, replacing f , g, and h by
, and h ¼ 2i ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ac À b 2 p with i ¼ ffiffiffiffiffiffi ffi À1 p being imaginary unit, respectively, we can obtain the same result as the average PCC given by (12) .
